The spherically symmetric steady accretion of polytropic perfect fluids onto a black hole is the simplest flow model that can demonstrate the effects of backreaction. The analytic and numerical investigation reveals that backreaction keeps intact most of the characteristics of the sonic point. For any such system, with the only free parameter being the relative abundance of the fluid, the mass accretion rate achieves maximal value when the mass of the fluid is universally 1/3 of the total mass.
The spherically symmetric steady accretion of polytropic perfect fluids onto a black hole is the simplest flow model that can demonstrate the effects of backreaction. The analytic and numerical investigation reveals that backreaction keeps intact most of the characteristics of the sonic point. For any such system, with the only free parameter being the relative abundance of the fluid, the mass accretion rate achieves maximal value when the mass of the fluid is universally 1/3 of the total mass.
The spherical steady accretion of gas onto a gravitational center has been investigated in the newtonian context by Bondi [1] and in the Schwarzschild space-time by Michel [2] , Shapiro and Teukolsky [3] , and others [4] . The generalrelativistic description including backreaction has been formulated in [5] . There are two reasons for inspecting steady flows. First, one can see the effects of backreaction in a simple but nontrivial accretion model. Second, gravitational collapse of the fluid which starts as a flow dominated by a steady accretion, can be better controlled, and that would allow one to have an insight into formation of gravitational singularities. This paper focuses on the issue of backreaction.
We will consider a spherically symmetric compact ball of a fluid falling onto a non-rotating black hole. The black hole provides the simplest choice for the central object since one can neglect the occurence of shock waves. The fluid is regarded to be steady and by a black hole we understand the existence of an apparent horizon. For the detailed derivation of equations the reader should consult [5] . Here we give only a brief description, focusing attention on the physical assumptions. We will use comoving coordinates
where the lapse N, α and the areal radius R are functions of a coordinate radius r and an asymptotic time variable t. The nonzero components of the extrinsic curvature K i j of the t = const slices read
The mean curvature of two-spheres of constant radius r, embedded in a Cauchy hypersurface is p =
The energy-momentum tensor of the perfect fluid reads
where u µ denotes the four-velocity of the fluid,p is the pressure and ̺ the energy density in the comoving frame.
The areal velocity U of a comoving particle designated by coordinates (r, t) is given by U(r, t) =
. From the Einstein constraint equations one has
and ∂ R (R 2 U) − R 2 trK = 0. We use here and in what follows the relation ∂ r = √ α(pR/2)∂ R in order to eliminate the differentiation with respect the comoving radius r. The quasilocal
2 nU, where n is the baryonic density (see below). A standard condition for the steady collapsing fluid is that all its characteristics are constant at a fixed R (see [6] ). In analytical terms ∂ t X| R=const = (∂ t − (∂ t R)∂ R )X = 0, where X = ̺, U, a . . . [7] . The Einstein evolution equation
become ordinary differential equations with respect R, assuming steady flow. Selgravitating steady fluids still allow for the change in time of some geometric quantities, like the mean curvature p or the area of the black hole. It is easy to show that for a steady flow ∂ Rṁ = 0 [5] .
By a black hole is meant a region within an apparent horizon to the future, i.e., a region enclosed by an outermost sphere S A on which the optical scalar θ + ≡ pR 2 + U vanishes [9] . (The other condition, that θ − ≡ pR 2 − U > 0 for all spheres outside S A , is satisfied trivially for a steady accretion.) That means that on S A the ratio 2m(R AH )/R AH becomes 1, where R AH is the areal radius of the apparent horizon. We shall specialize to polytropic perfect fluidsp = K̺ Γ , with Γ being a constant, (1 ≤ Γ ≤ 5/3).
Furthermore, assume the radius R ∞ of the ball of fluid and boundary data are such that
These boundary conditions are needed in order to glue the steady fluid with the external Schwarzschild geometry (see a discussion later). The momentum conservation equation
-can be integrated, yielding (with N(R ∞ ) = 1)
Here κ = Γ−1 Γ . (4) can be regarded as the general-relativistic version of the Bernoulli equation. Another useful relation that follows from (3) is
Here appears the baryonic number density
The baryonic number density works, for perfect barotropes, as an integration factor; if T µν is conserved, then ∇ µ (nu µ ) = 0. The representation (5) of the lapse function shows that the lapse N is constant along an orbit of the constant areal radius R.
In the general-relativistic case the sonic point is defined as a location where the length of the spatial velocity vector | U| = |U|/(pR/2) equals a. Therefore at a sonic point |U| = 1 2 pRa. In the Newtonian limit this coincides with the standard requirement |U| = a. In the following we will denote by the asterisk all values referring to the sonic points, e.g. a * , U * , etc. The four characteristics, a * , U * , m * /R * and c * are related [5] , a
.
Here U * is the negative square root. From the relation between the pressure and the energy density, one obtains, using equation (4)
where the constant ̺ ∞ is equal to the mass density of a collapsing fluid at the boundary R ∞ . The steady fluid is described by equations (4 -7). They constitute an integro-algebraic system of equations, with a bifurcation point at the sonic point, where two branches (identified as accretion or wind) do cross; that is a well known feature of that problem, present also in models with a test fluid [1] - [5] . That requires some caution in doing numerics and a careful selection of the solution branch. Notice that these equations are expressed exclusively in terms of quantities that are steady in the sense of the former definition. This collapsing compact cloud can be connected to the Schwarzschildean exterior. The ideal model of a steady flow would be that engineered by a "daemon" who fixes boundary data conditions but does not influence the dynamics and the geometry. Realistically, one can imagine an initial configuration with a steady fluid annulus around the black hole and an external transition zone that is not steady (since both pressure and the mass density must be made to vanish there) and that can expand outward and inward with the speed of sound, perturbing the external layers of the steady interior. The boundary can be connected at R ∞ , via an almost massless transition zone, to the external Schwarzschild geometry; the standard junction conditions -continuity of the metric and of the transversal extrinsinc curvature, and the condition N ∞ = 1 -require now the appropriate choice of the slicing of the exterior region. For short evolution times, t ≪ R ∞ /a ∞ , and under the former boundary conditions, the bulk of the fluid should be steady; that was verified by us in a sample of numerical calculations. The asymptotic mass m of the spacetime would be well approximated by m ∞ , the sum of the masses of the black hole and the quasi-stationary gas, for a suitably chosen transition zone. In numerical calculations it will be convenient to represent the mass m(R) in the form
Notice that m(∞) = m ∞ ≈ m. Assuming steady flow, one can obtain following expression for the lapse
The full description of the steady accretion that will be discussed later is given by equations (2), (8), (4), (6) and (9); this is equivalent to the former system. One of our two main results is realization that significant information about the full system with backreaction can be obtained through the investigation of steady flows with the backreaction being ignored.
Namely, let be given 1 ≤ Γ ∈ Sketch of the reasoning. We will apply the bootstrap-type argument. Let us assume temporarily that U 2 * < 0.1, that is R * > 5m * . This implies pR/2 ≥ √ 0.7, a 2 ≤ a 2 * ≤ 1/7 and 16π
e., the mass of the fluid outside the sonic point is smaller than half of the mass within the sonic point -then the integrand present in the exponent of the function β(r) is smaller than m * /R * . That in turn means
Solutions of this inequality are bounded from above by the solution of the equatioñ
wherem = 2m * , at the point whereã/ 1 + 3ã 2 =m/(2R * ) = U 2 . Note that R * > 2m; this allows us to use the estimate of Theorem 2 of [5] . Thus one has
Inserting this estimate into (7), one can bound the matter density, ̺(R) ≤ ̺ ∞ 1 + C(Γ, a * )/ 5 − 3Γ + a 2 * . Here the constant C is of the order of 10. This in turn allows one to replace the bound on the exponent of β by a much better one, by (m * /R * ) (R * /R ∞ ); this is clearly negligible in comparison to m * /R * (save for a small region around Γ = 5/3) and one can repeat the previous argument, but this time assuming β = 1. This would lead to the improved estimate of a and ̺ outside R = 5R * . Further refinement -the extension into bigger values of U 2 * and of m * /m, and to all Γ's in the interval [1, 5/3] -would be done by splitting the integral of β into two integrals,
. . . and separately estimating each term.
Using the preceding estimates, one gets
That implies that both c * and the exponent of β can be put to zero in all relations between characteristics of the sonic point. Inserting this information into the Bernoulli equation (4) one obtains that at a sonic point [5] 1
where y = 1 − 3m * /(2R * ). Coefficients of this algebraic equation do not depend on the asymptotic mass density and therefore y is ̺ ∞ -independent. The sonic mass m * and the sonic radius R * are clearly dependent on ̺ ∞ but their ratio is constant. In fact, m * /R * must be exactly the same as in the case when the backreaction can be neglected, that is when the mass of the fluid outside the black hole is small in comparison to the total mass. The same conclusion holds true also for other parameters of the sonic point, the fluid velocity U * and the speed of sound a * . In conclusion: a 2 ∞ , U 2 and m * /R * can be inferred from a suitable steady flow with a test fluid.
It follows from the above discussion that the mass density changes moderately outside the sonic point. In fact, for R ∈ [R * , 10R * ] ̺(R) ≤ C(R)̺ ∞ with C(R * ) being of the order of 10 and C(10R * ) being slightly larger than 1. Assuming that R ∞ ≫ 10R * one can show (taking into account the fact, that the region (10R * , R ∞ ) has a much larger volume than (R * , 10R * )) that under the preceding assumptions the mass of outer layers of the fluid m − m * = 4π
2 ̺ = γ̺ ∞ with a constant γ determined in practice only by R ∞ . Alternatively, m * /m = 1 − ̺ ∞ (γ/m); the ratio m * /m is a linearly decreasing function of ̺ ∞ .
The rate of the mass accretionṁ can be expressed as below (see Eq. (6.1) in [5] )
The whole dependence on ̺ ∞ is contained in the factor m 2 * ̺ ∞ . This achieves (fixing m) a maximum at m * = 2m/3 and tends to zero at both ends: i) m * → m (when the density ̺ tends to zero) and ii) m * /m → 0 (when the mass of black hole is negligible in comparison to the mass of the fluid). In this place we invoked the assumptions concerning boundary conditions. Thus, one arrives at our second main result: Amongst steadily accreting systems of the same R ∞ , a ∞ and m those will be most efficient for which m * = 2m/3. The factor 2/3 is universal -independent of the parameters R ∞ , Γ and a ∞ . We would like to point that (15) is only an approximation, and henceṁ is not conserved. Its form suggests the fulfillment oḟ mτ ≪ m * , where τ is the evolution time, as yet another criterion for the validity of the steady flow approximation.
The asymptotic mass m has been always normalized to 1 in the remaining part of the paper. We performed, in order to test the above predictions, a series of numerical calculations, according to the following scenario. i) Fix a value of the adiabatic index Γ and the asymptotic speed of sound a 2 ∞ ; change in a systematic way the asymptotic mass density. ii) For the same Γ choose new a 2 ∞ and change the asymptotic mass density. iii) Choose new Γ and repeat the preceding procedure. Below we shall describe only a small subset of obtained results. It appears that the characteristics a 2 * , U 2 * , m * /R * of the sonic point practically do not depend, for a given Γ and a 2 ∞ , on the energy density ̺ ∞ (exemplary results are shown in Table  1 ), suggesting a precision of 10 −5 . The more reliable measure of the numerical error is the difference between the mass m = 1 (assumed in the equations) and the mass found numerically. Our results (see Table 1 ) suggest that numerical error is smaller than 0.5 %. The quantity c * is negligible in comparison to other sonic point parameters. The mass m * behaves like m * = 1 − γ̺ ∞ (Fig. 1) . And finally, the extremum ofṁ is achieved when m * ≈ 2/3 (Fig. 2) . Notably, numerical results extend the regime in which the universality is observed into fluids characterized by the speed of sound a ∞ exceeding 1. This is remarkable, since that implies R * < R AH and the theoretical analysis presented above would not be valid. One can repeat the analytic arguments of the type presented above and arrive at the same conclusions. The numerical analysis is again in agreement with analytic predictions. The analogue of the above results can be proven and the accretion mass rate is maximal when m * /m = 2/3. We expect that similar results are true for newtonian massive fluids, provided that Γ is significantly smaller than 5/3.
In conclusion, in the simple model of accretion with backreaction considered here, one can get all parameters describing the sonic point, with the exception of its location R * and mass m * simply from a related polytropic model with the test fluid having the same index Γ and the same asymptotic speed of sound a ∞ . For any system of a fixed size, Γ, a ∞ and m the mass accretion rate has a maximum at m * = 2m/3; since the mass of the black hole m BH ≈ m * , the maximal accretion corresponds to the mass m f ≡ m−m BH of the fluid being about 1/3 of the total mass. If the cloud of gas becomes heavy enough, then the mass accretion rate decreases and the normalized efficiency of accretion (defined as the ratio of the mass accretion rate versus the mass of the black hole,ṁ/m BH ) goes to zero. It is beyond the scope of this paper to speculate about similar phenomena in astrophysically relevant accretion models, but there are no reasons to expect that in the full general-relativitic description the role of backreaction must be always less significant.
